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We use the formalism of noisy Gaussian channels to derive explicit transformation laws describing
how an arbitrary multimode Gaussian state of a scalar quantum field is perceived by a number of
accelerating observers, each having access to at least one of the modes. Our work, which generalizes
earlier results of Ahmadi, et al., Phys. Rev. D 93, 124031 (2016), is the next step torwards a better
understanding of the effect of gravity on the states of quantum fields.
I. INTRODUCTION
The paradigm of quantum field theory offers
the most accurate description of reality on a
microscopical level we currently have. It takes
into account all known types of fundamental
particles and their mutual interactions. Among
these interactions, gravity has a special status
[1]. While all the other types are represented
by quantum fields, gravity is taken into account
into the theory, as a classical curved playground
for the quantum dynamics of all the other fields
[2]. Moreover, the effect of gravity is believed to
be locally equivalent to the effect of non-inertial
motion of the observer. And as such can still
lead to non-trivial consequences in the dynam-
ics of quantum fields including decay rates of
unstable particles [3]. Therefore a simpler ap-
proach to the effect of gravity on quantum fields
has been developed. The one that considers the
perspective of uniformly accelerated observers
and its relation to the observations of inertial
observers [4]. Since the discovery of the Un-
ruh effect, it has been known that a transforma-
tion between different observers involves a non-
trivial transformation of the state of any quan-
tum field. This has far-reaching consequences
to the theory of quantum information and leads
to its relativistic generalization that takes into
account mutual motion of observers performing
quantum-informational protocols such as tele-
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portation [5].
One of the major problems in this approach
lies in the difficulty of explicitly writing the
transformation laws for a generic state of a
quantum field. For a long time the only ex-
amples of quantum states that were given an
explicit description in the uniformly accelerated
reference frames were the vacuum state as well
as some simple states defined as excitations of
so-called Unruh modes [6]. Unfortunately, the
latter ones were found to be unphysical and
therefore no solid description of quantum states
other than vacuum was known [7]. A recent
progress in this field has been triggered by an
observation that it is possible to provide a rel-
atively simple transformation law of Gaussian
states between an inertial frame and a uniformly
accelerated frame of reference [8]. This resulted
in an immediate application of the finding to
the study of degradation of continuous-variable
entanglement due to acceleration [9] as well
as continuous-variable teleportation and dense-
coding protocols carried out between an inertial
and a non-inertial observer [10]. The transfor-
mation laws have been generalized to an arbi-
trary two-mode Gaussian state using the lan-
guage of quantum Gaussian channels [11]. In
the present work we build on the previous re-
sults and present a generic scheme for trans-
forming an arbitrary, multimode Gaussian state
to a number of accelerating frames, where each
of the modes can be observed by a different
accelerated observer. We also show how our
scheme can be applied to the case, in which each
of the observers accelerates in a different direc-
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2tion in space [12].
The paper is organized as follows. In Sec. II
we introduce our formalism of noisy channels
representing a change of the reference frame,
in Sec. III we discuss Bogolyubov transforma-
tions between different decompositions of the
field operator, in Sec. IV we provide a complete
characterization of a general, multimode Gaus-
sian channel and in Sec. V we give an example
of how our formalism can be used in practice.
Finally, Sec. VI concludes this paper.
II. STATE TRANSFORMATION AS A
NOISY CHANNEL
The focus of this paper is on the real scalar
massive quantum field in 1 + 1 dimensional
spacetime. Such a field satisfies the Klein-
Gordon equation,
(
+m2
)
φ = 0, written in
natural units of c = ~ = 1. The field equa-
tion can be solved in an arbitrary coordinate
system, with the only restriction that the cho-
sen coordinates should allow one for the de-
composition of the field operator into positive
and negative frequency solutions. We will in-
vestigate two such systems - Minkowski coor-
dinates corresponding to an inertial observer,
and Rindler coordinates representing uniformly
accelerated observers. Consider two alternative
decompositions of the field operator Φˆ involving
orthonormal positive frequency solutions in the
Minkowski frame, φi, and orthonormal positive
frequency solutions in the Rindler frame, ψi:
Φˆ =
∑
i
φifˆi + φ
∗
i fˆ
†
i =
∑
i
ψidˆi + ψ
∗
ndˆ
†
i , (1)
with corresponding annihilation operators fˆi,
and dˆi, respectively. These two families of solu-
tions are labelled by a discrete index i, because
we will focus on scenarios in which these or-
thonormal solutions consist of a countable num-
ber of wavepackets rather than a continuum of
plane-waves.
Out of these two infinite families of mode
solutions we will select two finite subsets
{φn}n∈(1,Z) and {ψn}n∈(1,Z). We will choose
D > 0
t
x
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FIG. 1. Rindler wedges I and II in Minkowski space-
time.
them in such a way that some of these modes
will be localized within the Rindler I wedge, and
the remaining modes will be localized within the
Rindler II wedge, depicted in Fig. 1. Follow-
ing the construction introduced in [11], we will
consider a generalized scenario in which the two
wedges are separated by an arbitrary (positive
or negative) distance D.
Since each of the modes φn consists only of
positive Minkowski frequency modes, and each
of the modes ψn contains only positive Rindler
frequencies, and they form orthonormal fami-
lies of solutions, they must satisfy the following
conditions:
3∀n 6=k
(
φn
∣∣∣φ(∗)k ) = (ψn∣∣∣ψ(∗)k ) = 0, (2)
where the asterisk symbol in the bracket is op-
tional. Similarly, creation and annihilation op-
erators associated with these modes must sat-
isfy the following conditions:
∀n6=k
[
fˆn, fˆ
(†)
k
]
=
[
dˆn, dˆ
(†)
k
]
= 0. (3)
Our goal is to study how quantum information
encoded in Z modes φn by an inertial observer
can be decoded by an accelerated observer who
has only access to Z modes ψn defined in his
frame. We will assume that the modes of the
accelerated observer are chosen such, that each
of them corresponds to a single mode of the in-
ertial observer and does not overlap with other
ones. Therefore we will impose the following
additional condition:
∀n 6=k
[
fˆn, dˆ
(†)
k
]
= 0. (4)
A transition between two reference frames in
which a quantum state is defined is described by
a linear Bogolyubov transformation of creation
and annihilation operators [1]. It has been no-
ticed that such an operation transforms Gaus-
sian states into Gaussian states, which are com-
pletely characterized by first and second mo-
ments of the quadrature operators defined be-
low. Moreover, the whole operation of changing
the reference frame can be described as an ac-
tion of a quantum Gaussian channel [11] on the
input states prepared by the inertial observer.
The output of such a channel is a Gaussian state
observed in the accelerated reference frame. Be-
cause of the simplicity of such a description we
will be only interested in investigating Gaussian
states prepared by the inertial observer.
The quadrature operators, corresponding to
a mode fˆk are defined as:
qˆ
(f)
k ≡
fˆk + fˆ
†
k√
2
, pˆ
(f)
k ≡
fˆk − fˆ†k√
2i
. (5)
Let us define a vector of quadrature operators
of all of the Z input modes:
Xˆ(f) ≡
(
qˆ
(f)
1 , pˆ
(f)
1 , · · · , qˆ(f)Z , pˆ(f)Z
)T
=
[
fˆ1 + fˆ
†
1√
2
,
fˆ1 − fˆ†1√
2i
, · · · , fˆk + fˆ
†
k√
2︸ ︷︷ ︸
2k-1
,
fˆk − fˆ†k√
2i︸ ︷︷ ︸
2k
, · · · , fˆZ + fˆ
†
Z√
2
,
fˆZ − fˆ†Z√
2i
]T
. (6)
The first moment X(f) of a quantum state is
simply given by an average value of Xˆ(f) [13]:
X(f) =
〈
Xˆ(f)
〉
. (7)
The second moments that form a covariance
matrix, are given by [13]:
σ
(f)
kl ≡
〈{
Xˆ
(f)
k −X(f)k , Xˆ(f)l −X(f)l
}〉
, (8)
where {·, ·} is an anti-commutator. Analogous
construction can be carried out for the output
modes dˆk corresponding to the accelerated ob-
servers by replacing the letter f with the letter
d in the formulae (7) and (8).
The action of a generic Gaussian channel on
any Gaussian state be completely characterized
4by a pair of matrices M and N [14]:
X(d) = MX(f),
σ(d) = Mσ(f)MT +N . (9)
For Z-mode input and output states the M and
N matrices are both 2Z×2Z dimensional. In or-
der to completely characterize the effect of uni-
form acceleration on the Gaussian states it is
sufficient to determine these two matrices. This
analysis has been previously carried out for a
special case of 2-mode input / output states
[11]. Here we extend the investigation to ac-
count for a generic, multimode Gaussian state.
III. SOLUTIONS TO THE
KLEIN-GORDON EQUATION
A commonly used orthonormal basis of solu-
tions of the Klein-Gordon equation in an inertial
reference frame is given in terms of Minkowski
plane waves parameterized by a wavevector k:
uk =
1√
4piωk
ei(kx−ωkt), (10)
where ωk =
√
k2 +m2. The orthonormal-
ity conditions can be expressed as: (uk|ul) =
δ (k − l) and (u∗k|u∗l ) = −δ (k − l). We will
denote annihilation operators associated with
these solutions with aˆk.
A similar construction can be carried out in
the Rindler reference frame, with the orthonor-
mal solutions corresponding to regions I and II,
parameterized by a positive frequency Ω, of the
form:
wIΩ =
√
sinh
(
piΩ
a
)
pi2a
KiΩa
(mχ) e−iΩη in region I,
wIIΩ =
√
sinh
(
piΩ
a
)
pi2a
KiΩa
(−mχ) eiΩη in region II.
(11)
The orthonormality conditions for these solu-
tions take the form: (wIΩ, wIΞ) = δ (Ω− Ξ),
(w∗IΩ, w
∗
IΞ) = −δ (Ω− Ξ), (wIΩ, w∗IΞ) = 0, and
analogously for region II. In addition, for D > 0
when the regions I and II do not overlap, we
have (wIΩ, wIIΞ) = (w∗IΩ, w
∗
IIΞ) = (wIΩ, w
∗
IIΞ) =
0. The associated annihilation operators corre-
sponding to these solutions will be denoted with
bˆΛΩ, where Λ ∈ {I, II}.
All the above annihilation and creation oper-
ators satisfy canonical commutation relations.
Additionally for D > 0 we have [bˆIΩ, bˆIIΩ′ ] =
[bˆ†IΩ, bˆ
†
IIΩ′ ] = [bˆIΩ, bˆ
†
IIΩ′ ] = 0. These conditions
are not satisfied for D < 0, due to a non-
zero overlap between individual Rindler regions.
However, we will still choose all the wavepacket
modes such that ∀n 6=k
[
dˆn, dˆ
(†)
k
]
= 0 for any D.
Since any of the introduced basis is appro-
priate for the description of the quantum field,
we can write the field operator using any of the
equivalent decompositions:
Φˆ =
∫ ∞
−∞
dk ukaˆk + h.c =
∫ ∞
0
dΩ
(
wIΩbˆIΩ + wIIΩbˆIIΩ
)
+ h.c. + ΦˆIII (D) , (12)
where ΦˆIII (D) is an additional part of the field
operator covering the additional region between
regions I and II, labeled as region III. Note that
ΦˆIII (D) 6= 0 even for D < 0 and vanishes only
when D = 0 [11]. All the results discussed in
this work are independent of the specific details
of ΦˆIII (D).
We have introduced two decompositions of
5the field operator into wavepacket basis of
modes (1) and into continuous frequency modes
(12). Since the wavepackets contain only posi-
tive frequency modes of their respective frames,
we have:
∀n∈(1,Z) k∈RΩ>0
(φn, u
∗
k) = (ψn, w
∗
IΩ) = (ψn, w
∗
IIΩ) = 0. (13)
We can also relate the associated annihilation
operators via the following identities:
dˆn =
∫ ∞
0
dΩ
(
(ψn, wIΩ) bˆIΩ + (ψn, wIIΩ) bˆIIΩ
)
,
(14)
fˆn =
∫ ∞
−∞
dk (φn, uk) aˆk. (15)
As a consequence, the canonical commutation
relations for the wavepacket annihilation oper-
ators lead to the following requirements:
1 =
∫ ∞
0
∫ ∞
0
dΩdΩ′
(
(ψn, wIΩ) (ψn, wIΩ′)
∗
[bˆIΩ, bˆ
†
IΩ′ ] + (ψn, wIΩ) (ψn, wIIΩ′)
∗
[bˆIΩ, bˆ
†
IIΩ′ ]
+ (ψn, wIIΩ) (ψn, wIΩ′)
∗
[bˆIIΩ, bˆ
†
IΩ′ ] + (ψn, wIIΩ) (ψn, wIIΩ′)
∗
[bˆIIΩ, bˆ
†
IIΩ′ ]
)
, (16)
that restrict the possible choice of the modes.
When D > 0 then the above condition simplifies
to:
1 =
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) .
(17)
And for D < 0 we assume that the above rela-
tion is satisfied by the appropriate choice of the
wavepacket modes.
IV. CHARACTERIZATION OF THE
MULTIMODE GAUSSIAN CHANNEL
Let us proceed with the computation of the
matrices M and N characterizing the Gaussian
channel (9). A generic transformation describ-
ing a transition between two reference frames
has the following linear form:
dˆk =
∑
n
αk,nfˆn − βk,nfˆn†, (18)
dˆk
†
=
∑
n
−β∗k,nfˆn + α∗k,nfˆn
†
, (19)
where
αi,j = (ψi|φj) ,
βi,j = −
(
ψi
∣∣φ∗j) . (20)
We can substitute the above relations to the
definition of the first moments corresponding to
the wavepackets in the accelerated frame:
6X
(d)
2n−1 =
〈
dˆn + dˆn
†
√
2
〉
=
1√
2
〈
Z∑
n′=1
(
αn,n′ − β∗n,n′
)
fˆn′ −
(
βn,n′ − α∗n,n′
)
fˆ†n′〉
=
Z∑
n′=1
Re (αn,n′ − βn,n′)X(f)2n′−1 − Im (αn,n′ + βn,n′)X(f)2n′ , (21)
X
(d)
2n =
〈
dˆn − dˆn†√
2i
〉
=
−i√
2
〈
Z∑
n′=1
(
αn,n′ + β
∗
n,n′
)
fˆn′ −
(
βn,n′ + α
∗
n,n′
)
fˆ†n′〉
=
Z∑
n′=1
Im (αn,n′ − βn,n′)X(f)2n′−1 + Re (αn,n′ + βn,n′)X(f)2n′ . (22)
The above expressions allow us to determine the
form of the matrix M appearing in the trans-
formation properties of the first moments (9).
This matrix can be cast in the following block
form:
M =
 M1,1 · · · M1,Z... . . . ...
MZ,1 · · · MZ,Z
 , (23)
where:
Mi,j =
(
Re (αi,j − βi,j) − Im (αi,j + βi,j)
Im (αi,j − βi,j) Re (αi,j + βi,j)
)
.
(24)
Therefore the matrix M is completely charac-
terized by the coefficients of the Bogolyubov
transformation (18).
In order to compute the matrix N character-
izing the transformation properties of the co-
variance matrix given by (9) we first consider
the transformation properties of the vacuum
state, whose covariance matrix is just an iden-
tity, σ(f)vac = 1 . This allows us to write the ma-
trix N as [11]:
N = σ(d)vac −MMT . (25)
Therefore in order to determine the matrix N
it is sufficient to characterize the properties of
the Minkowski vacuum state in the accelerated
frame of reference. We proceed with this cal-
culation by considering two special cases: when
the two Rindler wedges share a common apex,
and when they do not.
By explicit calculation given in details in
the Appendix A we find the form of covari-
ance matrix of the vacuum state in the Rindler
frame for D = 0. Let us choose the indeces
n ∈ {1, 2, · · · , Z}, k ∈ {n+ 1, n+ 2, · · · , Z}. It
follows that:
7(
σ(d)vac
)
2n−1,2k−1
= ReN+n,k, (26)(
σ(d)vac
)
2n−1,2k
= ImN−n,k, (27)(
σ(d)vac
)
2n,2k−1
= ImN+n,k, (28)(
σ(d)vac
)
2n,2k
=− ReN−n,k, (29)(
σ(d)vac
)
2n,2n−1
=
(
σ(d)vac
)
2n−1,2n
=
∫ ∞
0
dΩ
Im [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) , (30)
(
σ(d)vac
)
2n,2n
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
)
−
∫ ∞
0
dΩ
Re [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) , (31)
(
σ(d)vac
)
2n−1,2n−1
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
)
+
∫ ∞
0
dΩ
Re [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) , (32)
where:
N±n,k =
∫ ∞
0
dΩ
( (ψn, wIΩ) (ψk, wIIΩ) + (ψn, wIIΩ) (ψk, wIΩ)
sinh
(
piΩ
a
)
± e
piΩ
a
[
(ψn, wIΩ) (ψk, wIΩ)
∗
+ (ψn, wIIΩ) (ψk, wIIΩ)
∗]
sinh
(
piΩ
a
) ). (33)
Similarly, when the respective Rindler wedges
do not have a common apex, D 6= 0, the co-
variance matrix of the vacuum state can also
be computed explicitly - see the details in
Appendix B. Let us choose the indices n ∈{
1, 2, · · · , Z}, k ∈ {n+ 1, n+ 2, · · · , Z}. Then
we find:
8(
σ(d)vac
)
2n,2n
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
)
+ 2
∫ ∞
0
∫ ∞
0
dΩdΩ′I3(Ω,Ω′)
[
(ψn, wIΩ) (ψn, wIIΩ′)
∗
+ (ψn, wIIΩ) (ψn, wIΩ′)
∗]
− 2 Re
∫ ∞
0
∫ ∞
0
dΩdΩ′I1(Ω,Ω′) [(ψn, wIΩ) (ψn, wIIΩ′) + (ψn, wIIΩ) (ψn, wIΩ′)] ,
(34)(
σ(d)vac
)
2n−1,2n−1
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
)
+ 2
∫ ∞
0
∫ ∞
0
dΩdΩ′I3(Ω,Ω′)
[
(ψn, wIΩ) (ψn, wIIΩ′)
∗
+ (ψn, wIIΩ) (ψn, wIΩ′)
∗]
+ 2 Re
∫ ∞
0
∫ ∞
0
dΩdΩ′I1(Ω,Ω′) [(ψn, wIΩ) (ψn, wIIΩ′) + (ψn, wIIΩ) (ψn, wIΩ′)] ,
(35)(
σ(d)vac
)
2n,2n−1
=2 Im
∫ ∞
0
∫ ∞
0
dΩdΩ′I1(Ω,Ω′) [(ψn, wIΩ) (ψn, wIIΩ′) + (ψn, wIIΩ) (ψn, wIΩ′)] ,
(36)
(
σ(d)vac
)
2n−1,2k−1
= ReN+n,k(D), (37)(
σ(d)vac
)
2n−1,2k
= ImN−n,k(D), (38)(
σ(d)vac
)
2n,2k−1
= ImN+n,k(D), (39)(
σ(d)vac
)
2n,2k
=− ReN−n,k(D), (40)
where:
I1(Ω,Ω
′) ≡ e
pi(Ω−Ω′)
2a (1− D|D| )
2pia
√
sinh piΩa sinh
piΩ′
a
K
iΩ−Ω
′
a
(|mD|), (41)
I3(Ω,Ω
′) ≡ e
pi(Ω+Ω′)
2a (1− D|D| )
2pia
√
sinh piΩa sinh
piΩ′
a
K
iΩ+Ω
′
a
(|mD|), (42)
N±n,k(D) =2
[∫ ∫
dΩdΩ′I1(Ω,Ω′) [(ψn, wIΩ) (ψk, wIIΩ′) + (ψn, wIIΩ) (ψk, wIΩ′)]
±
∫
dΩ
(ψn, wIΩ) (ψk, wIΩ)
∗
+ (ψn, wIIΩ) (ψk, wIIΩ)
∗
1− e− 2piΩa
±
∫ ∫
dΩdΩ′I3(Ω,Ω′)
[
(ψn, wIΩ) (ψk, wIIΩ′)
∗
+ (ψn, wIIΩ) (ψk, wIΩ′)
∗] ]. (43)
9The explicit form of the N matrix can be cal-
culated via the formula (25). The above result
provides a complete characterization of a Gaus-
sian channel responsible for the transformation
of a generic multimode Gaussian state due to
uniformly accelerated motion of the observer.
It is a direct generalization of a special case de-
rived in [11]. At this stage we have not dis-
cussed the possible choice of wavepacket modes
φn and ψn assuming only, that each of them is
fully supported within a single Rindler wedge
and contains only positive frequencies in its re-
spective frame. Also, the number of accelerated
observers involved in the characterization of the
quantum state is arbitrary. It only depends on
spatial localization of all the modes. For in-
stance, if each of the modes is localized within
the same region of spacetime - in principle their
state could be measured by a single accelerated
observer having access to a multimode measure-
ment device. On the other hand, if each of the
modes is localized in a different region, in gen-
eral a total number or Z accelerated observers
is needed in order to observe the overall state.
In the next section we discuss a special case of
a Z-partite symmetric Gaussian state and ap-
ply our scheme to describe its properties in a
non-inertial frame.
V. APPLICATION EXAMPLE:
Z-PARTITE SYMMETRIC GAUSSIAN
STATE
Let us apply our multimode quantum channel
to the case of non-inertial observers accelerating
in Z different directions (see Fig. 2). Although
the scheme discussed in this work involves only
1 + 1 dimensional spacetime, a generalization
to the 3 + 1 dimensional case discussed in [12]
allows us to draw conclusions based on our sim-
plified scheme to a good approximation.
We will consider Z non-inertial observes ac-
celerating with identical proper acceleration.
Each of these observers accelerates towards a
direction forming a 2piZ angle with the remain-
ing pair of accelerated observers, so that the
scheme is completely symmetrical. As a con-
FIG. 2. Scheme of motion of Z non-inertial observes
accelerating with identical proper acceleration A.
sequence, the overlap coefficients appearing in
(24) will be the same:
αi,j =δij (ψi|φj) = δijα ,
βi,j =− δij
(
ψi
∣∣φ∗j) = δijβ . (44)
In order to proceed with the explicit computa-
tion of these coefficients we will choose to work
with the mode functions introduced in [10]. For
these wavepackets the calculated β coefficients
are at least 8 orders of magnitude smaller than
α’s and can be safely neglected. For such a
choice, the dependence of the α coefficient on
the proper acceleration of the observer is shown
in Fig. 3.
The resulting quantum channel can be used
for transforming a fully symmetric Z-mode pure
10
0. 0.05 0.1 0.15 0.2 0.25
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0.95
1
FIG. 3. The dependence of the α coefficient on the
observer’s acceleration. Figure from [10].
squeezed vacuum state. The covariance matrix
of such state can be written as [15, 16]:
σ(f) =

β ζ . . . ζ
ζ β ζ
...
... ζ
. . . ζ
ζ · · · ζ β
 . (45)
The elements of the covariance matrix depend
on squeezing r and number of modes Z in the
following way:
β =
(
b 0
0 b
)
, ζ =
(
z1 0
0 z2
)
, (46)
z1 =
2(Z − 2) sinh2(2r) + Z sinh(4r)
Z
√
2(Z − 1) cosh(4r) + (Z − 2)Z + 2 ,
(47)
z2 =
2(Z − 2) sinh2(2r)− Z sinh(4r)
Z
√
2(Z − 1) cosh(4r) + (Z − 2)Z + 2 ,
(48)
b =
√
2(Z − 1) cosh(4r) + (Z − 2)Z + 2
Z
.
(49)
Let us now investigate how the purity of the
state changes, when observed by Z symmetri-
cally accelerated observers. The non-inertial ef-
fects are represented by the action of the Gaus-
sian channel we have introduced above. A pu-
rity µ of a generic Zmode Gaussian state de-
scribed by a covariance matrix σ can be written
as [17]:
µ =
1
2Z
√
detσ
, (50)
therefore we will be interested in a relative pu-
rity of the state defined as:
µrel =
µ(d)
µ(f)
=
√
detσ(f)
detσ(d)
=
√
detσ(f)
det
(
Mσ(f)MT +N
) . (51)
The choise of modes, introduced in the previ-
ous section, leads to a significant simplification
of the M matrix. Due to the fact that we ne-
glected all the β coefficients and the values of α
are real we have:
M = (αI2×2)
⊕
Z
N =
[(
1− α2) I2×2]⊕Z . (52)
The resulting relative purity as a function of
the proper acceleration A of all the Z observers,
as well as the initial level of squeezing r of the
symmetric Gaussian state has been studied nu-
merically. The results are plotted for different
values of Z in Fig. 4. We find that the purity of
the Z-partite pure state is reduced with accel-
eration and the effect is stronger for the states
with the larger entanglement. We also find that
the degradation of purity is increased with the
number Z of parties involved.
VI. CONCLUSIONS
In this paper, we studied transformation of
multiomode Gaussian states between an iner-
tial frame and a uniformly accelerated frame
of reference. We generalized the previous re-
sults [11] to a generic scheme for transforming
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FIG. 4. The dependence of the µrel =
√
detσ(f)
detσ(d)
on
the observer’s acceleration A and squeezing param-
eter r. The plot for different Z-number of modes.
an arbitrary, multimode Gaussian where each
of the modes can be observed by a different ac-
celerated observer. Finally, we applied our re-
sults to the exemplary case, where each of the
observers accelerates in a different direction in
space observing a fully symmetric Z-mode pure
squeezed vacuum state. We showed how the
purity of the initial state has changed when we
had considered Z symmetrically accelerated ob-
servers.
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Appendix A: Computing the covariance matrix of the Minkowski vacuum in the accelerated
reference frame when D = 0
In this appendix we derive elements of the covariance matrix of the Minkowski vacuum state in
the accelerated reference frame when D = 0. Let us first compute the even, diagonal elements of
the matrix (σ(d)vac)2n,2n. Since the vacuum state has a vanishing mean value of all the annihilation
and creation operators dˆ(†)n , we have:(
σ(d)vac
)
2n,2n
=M 〈0|
{
dˆn − dˆ†n√
2i
,
dˆn − dˆ†n√
2i
}
|0〉M ,
In order to proceed with the computation we will use some of the results derived in [11], namely:
M 〈0| bˆΛΩbˆΛΩ′ |0〉M =M 〈0| bˆ†ΛΩbˆ†ΛΩ′ |0〉M ∝
∫
dkα
(Λ)
Ωk α
(Λ)
Ω′k = 0, (A1)
M 〈0| bˆΛΩbˆ†ΛΩ′ |0〉M =
∫
dkα
(Λ)∗
Ωk α
(Λ)
Ω′k =
δ (Ω− Ω′)
1− e− 2piΩa , (A2)
M 〈0| bˆ†ΛΩbˆΛΩ′ |0〉M = e−
pi(Ω+Ω′)
a
∫
dkα
(Λ)
Ωk α
(Λ)∗
Ω′k =
δ (Ω− Ω′)
e
2piΩ
a − 1 , (A3)
M 〈0| bˆIΩbˆIIΩ′ |0〉M =M 〈0| bˆ†IΩbˆ†IIΩ′ |0〉M = e−
piΩ
a
∫
α
(I)
Ωkα
(I)∗
Ω′kdk =
δ (Ω− Ω′)
2 sinh
(
piΩ
a
) , (A4)
M 〈0| bˆ†IΩbˆIIΩ′ |0〉M =M 〈0| bˆIΩbˆ†IIΩ′ |0〉M ∝
∫
dkα
(I)
Ωkα
(I)
Ω′k = 0, (A5)
Upon the substitution, we have:
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M 〈0| dˆndˆk |0〉M =
∫ ∞
0
dΩ
(ψn, wIΩ) (ψk, wIIΩ) + (ψn, wIIΩ) (ψk, wIΩ)
2 sinh
(
piΩ
a
) , (A6)
M 〈0| dˆndˆ†k |0〉M =
∫ ∞
0
dΩ
(ψn, wIΩ) (ψk, wIΩ)
∗
+ (ψn, wIIΩ) (ψk, wIIΩ)
∗
1− e− 2piΩa . (A7)
This leads to the following result:(
σ(d)vac
)
2n,2n
= M 〈0| {dˆn, dˆ†n} |0〉M −M 〈0| dˆndˆn + dˆ†ndˆ†n |0〉M
= M 〈0| {dˆn, dˆ†n} |0〉M −
∫ ∞
0
dΩ
Re [(ψn, ωIΩ) (ψn, ωIIΩ)]
sinh
(
piΩ
a
) , (A8)
but:
M 〈0| dˆndˆ†n + dˆ†ndˆn |0〉M = 1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
) . (A9)
Finally, an even diagonal element of the covariance matrix has the form:(
σ(d)vac
)
2n,2n
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
)
−
∫ ∞
0
dΩ
Re [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) . (A10)
For odd diagonal elements the derivation is analogous. We have:
(
σ(d)vac
)
2n−1,2n−1
= M 〈0| 2
(
dˆn + dˆ
†
n√
2
)2
|0〉M
= M 〈0| dˆndˆn + dˆ†ndˆ†n |0〉M +M 〈0| dˆndˆ†n + dˆ†ndˆn |0〉M
=
∫ ∞
0
dΩ
Re [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) +M 〈0| dˆndˆ†n + dˆ†ndˆn |0〉M
=1 +
∫ ∞
0
dΩ
(| (ψn, wIΩ) |2 + | (ψn, wIIΩ) |2) e−piΩa
sinh
(
piΩ
a
) (A11)
+
∫ ∞
0
dΩ
Re [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) . (A12)
Similarily, the nearest off-diagonal elements of the matrix have the following form:
(
σ(d)vac
)
2n,2n−1
= M 〈0| { dˆn + dˆ
†
n√
2
,
dˆn − dˆ†n√
2i
} |0〉M = −i M 〈0| dˆndˆn − dˆ†ndˆ†n |0〉M =
=
∫ ∞
0
dΩ
Im [(ψn, wIΩ) (ψn, wIIΩ)]
sinh
(
piΩ
a
) . (A13)
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All the remaining matrix elements are:
(
σ(d)vac
)
2n−1,2k−1
= M 〈0| { dˆn + dˆ
†
n√
2
,
dˆk + dˆ
†
k√
2
} |0〉M , (A14)(
σ(d)vac
)
2n−1,2k
= M 〈0| { dˆn + dˆ
†
n√
2
,
dˆk − dˆ†k√
2i
} |0〉M , (A15)(
σ(d)vac
)
2n,2k−1
= M 〈0| { dˆn − dˆ
†
n√
2i
,
dˆk + dˆ
†
k√
2
} |0〉M , (A16)(
σ(d)vac
)
2n,2k
= M 〈0| { dˆn − dˆ
†
n√
2i
,
dˆk − dˆ†k√
2i
} |0〉M , (A17)
where k ∈ {n + 1, n + 2, · · · , Z}. Following the same procedure as for the diagonal elements, we
find: (
σ(d)vac
)
2n−1,2k−1
=M 〈0| dˆndˆk +
(
dˆndˆ
†
k
)∗
+ dˆndˆ
†
k +
(
dˆndˆk
)∗
|0〉M
=2 Re
(
M 〈0| dˆndˆk |0〉M
)
+ 2 Re
(
M 〈0| dˆndˆ†k |0〉M
)
=
∫ ∞
0
dΩ
(Re [(ψn, wIΩ) (ψk, wIIΩ) + (ψn, wIIΩ) (ψk, wIΩ)]
sinh
(
piΩ
a
)
+
e
piΩ
a Re
[
(ψn, wIΩ) (ψk, wIΩ)
∗
+ (ψn, wIIΩ) (ψk, wIIΩ)
∗]
sinh
(
piΩ
a
) ). (A18)
and analogously for the remaining elements.
Appendix B: Computing the covariance matrix of the Minkowski vacuum in the accelerated
reference frame when D 6= 0
In this appendix we generalize the results obtained in Appendix A for the case, when D 6= 0.
From the equation (12) we have for Λ ∈ {I, II}:
bˆΛΩ =
∫
dk
(
(wΛΩ, uk) aˆk + (wΛΩ, u
∗
k) aˆ
†
k
)
+ (wΛΩ,ΦIII(D)) , (B1)
but (wΛΩ,ΦIII(D)) = 0 because decomposition of ΦIII(D) contains only modes from region between
Rindler wegdes. Therefore:
bˆΛΩ =
∫
dk
(
α
(Λ)∗
Ωk aˆk − β(Λ)∗Ωk aˆ†k
)
, (B2)
where the Bogolyubov transformation coefficients are defined as:
α
(Λ)
Ωk = (uk, wΛΩ) , (B3)
β
(Λ)
Ωk = − (u∗k, wΞΩ) . (B4)
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A transition from the case of D = 0 to the case when D 6= 0 corresponds to the following change
of the Bogolyubov coefficients [11]:
α˜
(I)
Ωk → e−i
D
2 kα
(I)
Ωk, (B5)
α˜
(II)
Ωk → ei
D
2 kα
(II)
Ωk , (B6)
β˜
(I)
Ωk → ei
D
2 kβ
(I)
Ωk, (B7)
β˜
(II)
Ωk → e−i
D
2 kβ
(II)
Ωk . (B8)
Therefore in the case of D 6= 0 we have:
M 〈0| bˆ†IΩbˆIIΩ′ |0〉M =M 〈0|
∫
dk
(
α˜
(I)
Ωkaˆ
†
k − β˜(I)Ωkaˆk
)∫
dk′
(
α˜
(II)∗
Ω′k′ aˆk′ − β˜(II)∗Ω′k′ aˆ†k′
)
|0〉M =
=
∫
dkβ˜
(I)
Ωkβ˜
(II)∗
Ω′k =
∫
dkei
D
2 kβ
(I)
Ωke
iD2 kβ
(II)∗
Ω′k =
∫
dkeiDke−
piΩ
a α
(I)
Ωke
−piΩ′a α(I)Ω′k =
=e−
pi(Ω+Ω′)
a
∫
dkeiDkα
(I)
Ωkα
(I)
Ω′k. (B9)
An analogous procedure involving other quadratic mononomials of the annihilation and creation
operators bˆ(†)n and bˆ
(†)
k leads to the following results:
M 〈0| bˆΞΩbˆΞΩ′ |0〉M =M 〈0| bˆ†ΞΩbˆ†ΞΩ′ |0〉M = 0, (B10)
M 〈0| bˆΞΩbˆ†ΞΩ′ |0〉M =
δ (Ω− Ω′)
1− e− 2piΩa , (B11)
M 〈0| bˆ†ΞΩbˆΞΩ′ |0〉M =
δ (Ω− Ω′)
e
2piΩ
a − 1 , (B12)
M 〈0| bˆIΩbˆIIΩ′ |0〉M = I1(Ω,Ω′), (B13)
M 〈0| bˆIIΩ′ bˆIΩ |0〉M = I1(Ω′,Ω), (B14)
M 〈0| bˆ†IΩbˆ†IIΩ′ |0〉M = I1(Ω′,Ω), (B15)
M 〈0| bˆ†IIΩ′ bˆ†IΩ |0〉M = I1(Ω,Ω′), (B16)
M 〈0| bˆ†IΩbˆIIΩ′ |0〉M = I3(Ω,Ω′)e
pi(Ω+Ω′)
a (1− D|D| ), (B17)
M 〈0| bˆIIΩ′ bˆ†IΩ |0〉M = I3(Ω,Ω′), (B18)
M 〈0| bˆIΩbˆ†IIΩ′ |0〉M = I3(Ω,Ω′), (B19)
M 〈0| bˆ†IIΩ′ bˆIΩ |0〉M = I3(Ω,Ω′)e
pi(Ω+Ω′)
a (1− D|D| ), (B20)
where:
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I1(Ω,Ω
′) ≡ e
pi(Ω−Ω′)
2a
2pia
√
sinh piΩa sinh
piΩ′
a
e−
D
|D|
pi(Ω−Ω′)
2a K
iΩ−Ω
′
a
(|mD|), (B21)
I3(Ω
′,Ω) ≡ e
pi(Ω+Ω′)
2a
2pia
√
sinh piΩa sinh
piΩ′
a
e−
D
|D|
pi(Ω+Ω′)
2a K
iΩ+Ω
′
a
(|mD|) ≡ I3(Ω,Ω′). (B22)
I2(Ω,Ω
′) ≡ e
−pi(Ω+Ω′)2a
4pia
√
sinh piΩa sinh
piΩ′
a
∫
dk
eiDk
ωk
(
ωk + k
ωk − k
)− i(Ω+Ω′)2a
=
e−
pi(Ω+Ω′)
2a
4pia
√
sinh piΩa sinh
piΩ′
a
e
D
|D|
pi(Ω+Ω′)
2a K
iΩ+Ω
′
a
(|mD|)
= I3(Ω,Ω
′)e−
pi(Ω+Ω′)
a e
D
|D|
pi(Ω+Ω′)
a ≡ I3(Ω,Ω′)e
pi(Ω+Ω′)
a (1− D|D| ). (B23)
It is worth noticing that the integral expressions I1, I2 and I3 are real-valued and we can omit
complex conjugations. Moreover, the operators dˆn with different indices always commute. This
leads to the following results:
M 〈0| dˆndˆk |0〉M =
∫ ∞
0
∫ ∞
0
dΩdΩ′I1(Ω,Ω′)[(ψn, wIΩ) (ψk, wIIΩ′) + (ψn, wIIΩ) (ψk, wIΩ′)], (B24)
M 〈0| dˆndˆ†k |0〉M =
∫ ∞
0
dΩ
(ψn, wIΩ) (ψk, wIΩ)
∗
+ (ψn, wIIΩ) (ψk, wIIΩ)
∗
1− e− 2piΩa
+
∫ ∞
0
∫ ∞
0
dΩdΩ′I3(Ω,Ω′)
[
(ψn, wIΩ) (ψk, wIIΩ′)
∗
+ (ψn, wIIΩ) (ψk, wIΩ′)
∗]
.
(B25)
The above expressions are sufficient to completely characterize all the elements of the covariance
matrix in the case of D 6= 0.
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